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Introduction 


Denote by A the class of analytic functions 


FS) = § + a8? + agg? + 


in the open unit disk U = {¢: || < 1}. The Hankel determinants H; (n), (n = 1,2,3, =; j = 
1,2,3, +: ) of f are denoted by 


an Ont1 ° * Qn+j-1 
Ont+1 GUn+2 : ? an+j 
H;(n) = , . . ae | 
Gn+j-1 QAn+j ` * An+2j-2 


where a, = 1. Hankel determinants are beneficial, for example, in viewing that whether the 
certain coefficient functionals related to functions are bounded in U or not and do they carry the 
sharp bounds, see [1]. The applications of Hankel inequalities in the study of meromorphic 
functions can be seen in [2,3]. In 1966, Pommerenke [4] inspected |H;(n)| of univalent functions 
and p-valent functions as well as starlike functions. In [5], it is evidenced that the Hankel 
determinants of univalent functions satisfy 


|H;(n)| Zien GOR Slee (n = 1D See Sl 2 B00), 


where p > 0.00025 and k depends only on j. Later, Hayman [6] demonstrated that |H2(n)| < 


Al ee (n = 1,2,3,-:-; A an absolute constant) for univalent functions. Further, the Hankel 
determinant bounds of univalent functions with a positive Hayman index æ were determined by 
Elhosh [7], of p-valent functions were seen in [8-10], and of close-to-convex and k-fold 
symmetric functions were discussed in [11]. Lately, several authors have explored the bounds 
|H;(n) |, of functions belonging to various subclasses of univalent and multivalent functions (for 
details, see [6,12 — 27]). The Hankel determinant H,(1) = a3 — a3 is the renowned Fekete- 
Szeg6 Functional (see [28,29]) and H2(2); second, Hankel determinant is presumed by H3 (2) = 
aza, — as. 


An analytic function f} is subordinate to an analytic function fz, written as f4 < fz, if there is an 
analytic function w: U — U with w(0) = 0, satisfying f1 (€) = fo(w(é)). Let P be the class of 
functions with positive real part consisting of all analytic functions p: U — C satisfying p(0) = 1 
and Rep(z) > 0. 


Ma and Minda [30] amalgamated various subclasses of starlike and convex functions which are 
subordinate to a function Y E€ P with p(0) = 1, p’(0) > 0, maps U onto a region starlike with 
respect to 1 and symmetric with respect to real axis and familiarized the classes as below: 


7 _ SF) 
y) = if EAE <y] and C(w 


= a SFO 
=|feait FO <y}. 


By choosing Ņ satisfying Ma-Minda conditions and that maps U on to some precise regions like 
parabolas, cardioid, lemniscate of Bernoulli, and booth lemniscate in the righthalf of the complex 
plane, several fascinating subclasses of starlike and convex functions are familiarized and studied. 


Raina and Sokól [31] considered the class 6*(w) for Y(z) = € + 4/1 + &? and established some 
remarkable inequalities (also see [32] and references cited therein). Gandhi in [33] considered a 
class S*(w) with p = pef + (1 — B)(1+ 4,0 <B < 1, a convex combination of two starlike 
functions. Further, coefficient inequalities of functions linked with petal type domains were 
widely discussed by Malik et al. ([34], see also references cited therein). The region bounded by 
the cardioid specified by the equation 


(9x? + 9y? — 18x + 5)? — 16(9x? + 9y? — 6x +1) =0 


was studied in [35]. Lately, Masih and Kanas [36] introduced novel subclasses ST; (s) and CV; 5) 
of starlike and convex functions, respectively. Geometrically, they consist of functions f € A 


such that €f’(&)/f (€) and (€f'(€))'/f'(&), respectively, are lying in the region bounded by the 
limacon 


[(u - 1) +v? -s*]? = 4s?[(u-— 1+ s?) + v7] 
1 
where 0 < s < — 
v2 
Lately, Yuzaimi et al. [37] defined a region bounded by the bean-shaped limacon region as 
below: 


Q(U) = {w = x + iy: (4x? + 4y? — 8x — 5)? 
+8(4x? + 4y? — 12x — 3) = 0},s € [-1,1] \ {0}. 


Suppose that 


p): U > C 


is the function defined by 


PE) =14-V2E +g? 


is preferred so that the limacon is in the bean shape [37]. Motivated by this present work and 
other aforesaid articles, the goal in this paper is to examine some coefficient inequalities and 
bounds on Hankel determinants of the Kamali-type class of starlike functions satisfying the 
conditions as given in Definition 1. 


Definition 1. Let g: U — C be analytic and for 0 < 9 < 1, we let the class M (9, p) as 


_ EF (+t 2 Ff (OE +E) 


where œ (ë) = 1 + V2é + (1/2)? as in (9). 
We include the following results which are needed for the proofs of our main results. 
Lemma 2 see [38]. Suppose that p(€) = 1 + cë + cpé* +++, R(p,) > 0,& E U, then 


|Cn| < 2(n = 1,2,3, ) 
|c — vc?| < 2m {1,|2v — 1|} 


and the outcome is sharp for the functions formulated by 


1+4? 
ps) = Toe 
_14é 
p(s) ee 


Lemma 3 see [30]. Suppose that p4 (E) = 1 + cyé + co&* +++, R(p,) > 0,& E€ U. Then, 
(i) For v < 0 or v > 1, we have 

—-4v+2 ifv<0 

la- vel sf ifO0<v<1 

4v —2 ifv>1 
Equality occurs when p4 (€) = (1 + €)/(1 — €) or one of its rotations. 
(ii) For v € (0,1), the equality exists when p,(€) = (1 + €7)/(1 — 7) or one of its rotations 
Gii) For v = 0, the equality happens when 


1 Lee /1 Dye 
4 


Pi) = G+) tG a)n SASN 


or one of its rotations. 
Lemma 4 see [39]. If p € P and is given by p(é) = 1 + cyé + c2? ++ then 
2c. = c? + x(4 — c?) 
Ac, = c} + 2(4 —c?)c,x — c1 (4 — c?)x? + 2 (4 — c?) (1 — |x|? ë) 
for some x, € with |x| < 1 and |é| < 1. 


Theorem 5. Let the function f E M(0, ~) be given by (1) then 


1 
lel S Fog ay 
V2 5 


Proof. Since f E M(J, @), there exists an analytic function w with w(0) = 0 and |w(é)| < 1 in 
U such that 


T ye O OS ST) a eweey 
982 FE) + Ef) = 


Define the function p4 by 


1 
ne = =È 


wa 14+ cë +c? +0383 + 


or, equivalently 


pm- 
pG) +1 


2 3 
-jlag t (a- $) +(e -a0 +) 


then pı is analytic in U with p4 (0) = 1 and has a positive real part in U. By using (20) together 
with (9), it is evident that 


— {O-ha f1 c2\ c 
p(w(s)) = (ER (Ia-ti) 


1 ic a c? 
f (a-a +t) ta- EH 


ZAM S) FU 20) Fs ESF O) 
967 F"E +F) 
=1+2(9 + 1)a,é + (—4(9 + 1)°až + 6(29 + 1)az)č? 
+ [8(9 + 1)?a3 — 18(29? + 39 + 1)aza3 + 12(39 + 1)ag]&F ++, 


w(S) 


Since 


and equating coefficients of ë, €7, €3 from (21) to (22), we get 


ERE E 
1 5 
a = age Dt (27 V2) + 22e] 
1 11 
aA, = E G = 8) + 4(2 = V2)c1¢5 + 8VZcs| ; 


Now by applying Lemma 2, we get 


1 
V¥2(9 +1) 


la2| = 


and also, 


lal = saa + 1) | IN 26, + ef (3-v2) 
= v72 c? i 5 
a ee 
= v2 2 
~ 12(2204+ D [p=] 


where x = 1/2(1 — (5/2V2)). Now by applying Lemma 2 , we get 


c V 1 Lea 
las! < Coe a ty alls 12(20 +1) 


To show these bounds are sharp, we define the function Ky, ($), n = a n-1) (n = 2,3,4, ) 
with Kg, (0) = 0 = Ky (0) —1 by 


95° Ky (E) + (1 + 29) Ky, (6)? + S Kon) _ 


n-1 
9K, (© F EK, © A 


Clearly, the function Kg, E M (9, o). This completes the proof. Theorem 6. Let the function f € 
M(M, @) be given by (1) and for any w E C then 
5 v2 5 3@9+1) 
la — waz] <—-— m i1, — 
6(29 + 1) "22" OV209 +b? 


Proof. Let the function f E M (9, ~) be given by (1), as in Theorem 5, from (23) to (24), we have 


az- wa? =le al -—) Sie 
Z 12(290+1)|? 2 2V2. 8(9 + 1)? 


2 5 38+) 
~ 12(29 + 1) |e- 7 tfi- Wa “209 + ~)| 
V2 
~ 12(29 + 1) 


[c2 — xcî] 
where N = 1/2 (1 — (5/2V2) + @(3(28 + 1)/VZ@ + 1)?)). 


Now by Lemma 2 , we get 


E v2 m Í - 5 3@8 +1) 
21~ 6(20 + 1) a2" POTI 


j 


The result is sharp. 


In particular, by taking w = 1, we get 


pee v2 m fil- 5 , 3@9+1) 
6(20 + 1) 22" V2(9 + 1)2 


Theorem 7. Let the function f € A be given by (1) belongs to the class M(), p)(0 < 0 < 1). 
Then, for any real number u, we have 


5(1 + 9)? — 3(1 + 29)w 
12(29 + 1)(1 + 9)? 
v2 
az —ua5| < 6(29 +1) 6, < U < 6, 
3(1 + 29)w — 5(1 + 9)? 
12(29 + 1)(1 + 9)? 


where for convenience 


(5 — 2V2) (1 + 9)? 
3(1 + 29) 
(5 + 2V2)(1 + 9)? 
2 30429) 


6, = 


Poca ae pe 
i 1429 m SIF 


If ô3 < Hu < 02, then 


| 30 +9)? = (1429) T 
T TF2 Aa = OF £29) 


These results are sharp. 


Proof. Between (23) and (24) and (31), we have 


az- wa? =- |c al -—.) egy 

2 12(29+1)] 7 2 2V2 8(9 + 1)? 
| -¢ (1 -50+D se@e+ 
~ 1220+ | 2 2V2(9 + 1)2 

V2 


= se 2 
= Tae +1 2 ~ hea 


where h = 1/2 (1 — (60 + 1)? — 3w(29 + 1))/2V2(9 + 17). Our result now follows by 
virtue of Lemma 3. To show that these bounds are sharp, we define the function Kon (n = 2,3, 
-+) by 


93K g, (E) + (1 + 20)Ky (OE? + EKo, (E) 
98K, (E) + EK, © 
Ky, (0) = 0 = Ky (0) -1 


= rC") 


and the functions F, and G,(0 <n < 1) by 


9&7 F,(§) + (1 + 20)F, (E? + EF, (8) zsa (£ +n) 
92 CE + R) Leas 
=0=Fi(0)-1 


) F,(0) 


98° Gy (E) + (1 + 29) GSE? + EGS) _ $ (=E +n) 
982 GaC) + FG, (5) 1+n¢ 


= 0=G)(0)-1. 


) 6,(0) 


Clearly, the functions Ky, = p(€"~*), Fy, G} E M (9, p). Also, we write Ky = Kọ, = 1+ 

V2é + (1/2)é?. If u < 5, or u > bp, then the equality holds if and only if f is Kg or one of its 
rotations. When 6, < u < 63, then the equality holds if and only if f is Kg, = p( oes 
V2? + (1/2)é* or one of its rotations. If u = ô4, then the equality holds if and only if f is F, or 
one of its rotations. If u = 63, then the equality holds if and only if f is G} or one of its rotation. 


2. Coefficient Estimates for the Function f~t 


Theorem 8. If f E M(9,~) and f-(w) = w + X*_,d,w” is the inverse function of f with 
|w| < ro where rọ is the greater than the radius of the Koebe domain of the class M (0, p), then 
for any complex number u, we have 


1 
|d2| STOE 
E 2 m Í aetta N 
3 T 6(29 + 1) 2V2(9 + 1)? 


Also, for any complex number u, we have 


5(9 + 1)? + (12 + 6u)(29 + 1) 
~ 6(29 + 1) \. 


2V2(9 + 1)2 


The result is sharp. In particular, 


v2 5(9 + 1)? + 18(29 + 1) 
— q2 62 = =, li Td a ee a 
Ids - dl < SaD g NIO + 1? }. 


Proof. Since 


ftw) =w+ >: daw”, 
n=2 


is the inverse function of f, we have 
F OFE =f TE =F. 
From equations (23) to (24), we get 
E+ (az + dz)&? + (az + 2azdz + d3)? + =E 


Equating the coefficients of € and €? on both sides of (45) and simplifying, we get 


d a 
= -a, = -— — 
É 2 W2(9+1) 
c2 V2 c2 5 
d; = 2aź — a3 - ae | -$(1-=)| 
409+12 12(20+1) 2 2/2 


v2 c2 5 6(29+4+1) 
E oa eaa 

v2 c2 5(9 + 1)? + 12(29 + 1) 
Sea o | 


By applying Lemma 2, we get 


ld2| < 


1 
V2(9 +1)’ 
í | 5(9 + 1)? + 12(29 + 1) 
m 41, |- ee 
2V2(9 + 1)2 


ld3| < 


v2 fı Ae eel 
6(29 + 1) 2V2(9 + 1)? l 


For any complex number u, consider 


PIAN v2 | c2 ( 5(9 + 1)? +12(29 + »)| 
= = — ——— | cC — — ee A S A S 
Eo POLDI 2 2/209 + 1)? 
TEE eee eee ary, ~ p*c?] 
aoe oy ee 
where 


jot (: _ 5+ 1)? + 3(4 + 4)(20 + ~) 


eee: 2V2(8 + 1)? 


Taking modulus on both sides of (49) and applying Lemma 2, we get the estimate as stated in 
(41). This completes the proof of Theorem 8 . 


3. The Logarithmic Coefficients 


The logarithmic coefficients e,, of f defined in U are given by 
we =2 > ene". 
$ = 
n=1 


Using series expansion of log(1 + €) on the left hand side of (50) and equating various 
coefficients give 


Theorem 9. Let f E M(9, p) with logarithmic coefficients given by (51) and (52). Then, and for 
any v € C, then 


2 
5(9+1)*+(3+v)(2941) } et 


—ve 
1 ds 2V2(9+1)2 


saan max {1 |- 


These inequalities are sharp. In particular, for v = 1, we 


eee v2 fı l- edt | 
max —- 
12(29 +1) 2V2(9 + 1)2 
Proof. Using (23) and (24) in (51) and (52) and after simplification, one may have 
4V2(9 + 1) 
—_ v2 et (4 — EODH +1) 
e2 = 342041) [cz 2 (1 2V2(9+1)2 )]. form 


To determine the bounds for e3, we express (57) in the 


V2 


= =. je R2 
e2 EEG u*cí] 


where 


ae (: _5@ +1)? + 3(20 + ~) 
es 2V2(9 + 1)? 


then by applying Lemma 2, we get 


ļe2| < 


v2 a í petae ton 
12(29 + 1) i 2V2(9 + 1)? 


For any v* € C, from (56) to (57), we have 


3 v2 c2 5(9 + 1)? + 3(28 + 1) 
e> — veí = aarp- $h- ) 
c? V2 
"320 +12 242041) 
c? 5(9 +1) + (3 + v)(29 +1) 
. [e j A 7 2V2(8 + 1)? ) 
v2 acd 
= zaag +1) 02 Mei] 
where 
._1 5(9 + 1)? + (3 + v)(20 + 1) 
m =3(1- 2V2(9 + 1)? ) 


An application of Lemma 2 gives the desired estimate. 


4. Coefficients Associated with #/f (€) 


In this section, we determine the coefficient bounds and Fekete-Szeg6 problem associated with 
the function H(é) given by 


eT re 
HO = Fyn 1+ Y, mereen) 


where f E M(9, o) 


Theorem 10. Let f E M (9, g) and H (E) are given by (63). Then 


1 
re V2(9 +1) 


v2 fı +55 3(20 + 1) 
6(29 + 1) ‘| 2⁄2 ¥209 + 1)? 


lu2| < 


\. 


The results are sharp. 
Proof. By routine calculation, one may have 


č 


O 1 — apg + (a3 — az)? + (a3 + 2a2a3 — a4)§? + + 


HS) = 


Comparing the coefficients of ë and #? on both sides of (63) and (65), we get 
ui = —a, 
u, = a3 — a3. 
Using (23) and (24) in (66) and (67), we obtain 


2V2(9 + 1) 


ui Z 


By Lemma 2, we get 


1 
Mal = TOFT 


Now, 


ct 


E v2 c? i 5 
~gOt+D? 1220+ 1) |e- a -5| 


v2 c2 5  3(29+1) 
a ea 
v2 acts 
=- peT ii] 


U2 


where X* = 1/2 (1 — (5/2V2) + (3(29 + 1)c?/V2(9 + 1)?)). Again by using Lemma 2, we 


get 


|u2| < 


v2 m { + 3(29 + 1) 
6(29 + 1) ‘| 2⁄2 V2(9 + 1)? 


For any v € C, between (68) and (70), we get 


g v2 c2 5  3(29+1) 
e aa e) 
c? V2 

~"B@+h2 127204 1) 


| -4(1- 5 a 
ae 2V2 V20 +. 1)? 
3(29 + 1)c? V2 
ee Be ee fee 
4V2(9 + 1)? 12(20 + 1) 
That is, 
1 * 
Uz — vuĝ| = TETLE — v**c? 


where 


si = (1-5 a 
na 2v2. Yaa +1)? / 


The result follows by application of Lemma 2 and therefore completes the proof. 


5. Second Hankel Inequality for f E M (9, p) 
Theorem 11. Let the function f E M(9, @) be given by (1), then 


1 


— q2 et ae 
Jara, “|< 73094 D2 


Proof. Since f E M (9, ~), there exists an analytic function w with w(0) = 0 and |w(é)| < 1 in 
U such that, 


IE FE) + At 29 FOE? + EHO) _ 
DE FS) + SFE) 


Therefore, between (23), (24), and (25), we get 


p(w(s)) 


v2 2 2V2 

azđ4 — a$ = Tik G +49+1) ($+) 

_*_ 39? +409 + 1) + (1207 + 49 +1) 

3v2 
Ca 1 ) 2V2(49 + “| 
3V2 3 
2 i 3 > 
+ {2(129? + 49 + 1) + 4(69? + 49 + 1) 


(-v2 + st + 8V2c,c3(29 — 
_ 16Vv2c3 
3 


(397 + 49 + D| 


By writing 


8v2 


di = 940+ 1Y 


4{(189? + 89 + 2) — 2V2(69? + 40 + 1)} 


aos 3(9 + DBI + 1)(20 + 1)? 


16V2 
d3 = 


~ 3(29 + 1/2 
1 -2 2V2 
d = 941d + DOF fcon? TWF ($+ =) 


1 -2 1 
—(302 + 49 + 1)— + (129? +49 +1 (=+—) 
( A ( ) 3 3V2 


2V2(49 + 1)) _ 1 
E 3 } = (9 + 1)(30 + 1)(20 + 1)? 


28 — 16V2 11 4 
Aa oa) 
and T = 2/768, we have 
|aza4 — a3| = T|d1c1c3 + dzc?cz + d3cf + dyct|. 
From (15) to (16), it follows that 


2 T 4 2 2 
|aza4 — a3| = rae (di + 2d, + d3 + 4d4) + 2xc (4 — c°) 
ý (di + dz + d3) + (4 a c?)x?(—d,c? + d3(4 7 c?)) 
+2d,c(4—c*)(1 — |x|?) | 
Replacing |x| by u and then substituting the values of d4, d2, d3, and d, from (81) yield 


f 
E A A 
aza, — a3] < 40 + 130 + (29 + 1)? 


4 
. |c | (49 + 1) +— (129? +4941 
let 49 +1) + 


4 


3V2 
c(4 — c?) (1 — u?) + 2uc? (4 — c?) 


(9 + 1)(39 + 1) | +16V2(29 + 1)? 
(azs +49 +1)+ £ (69" +409 + D) 
u? (4 — c?) g (692 +49 + 1)c? 
nace +1)(9+ ») 


= d É Na+ 
ECEE A EFE 


= 
V2 
+4V2(29 + 1)?c(4 — c?) — 4V2(20 + 1)? 


(1207 +49 + 1) — — (9 + 1)(30 + 1) | 


2 
-c(4—c?)u? + gue (4 — c?) (2(1289? + 49 + 1) 


2v2 
+(120? + 89 + 2)) — —— u? (4 — c?) (c? (69? + 49 + 1) 


3 
T 


HOG" + 40+ 2))) = (9 + 1)(30 + 1)(28 + 1)? 


4 
BE +1) + Zo? + 4V2 (29 + 1)?c(4 — c?) 


1 2V2 
+zuc’ (4 — c?) (369? + 169 + 4) — "gt =c?) 
- (c? (69? + 49 + 1) + 6(29 + 1)°c + 8(39? + 49 + 2))| 
= F(c,p,0). 
Differentiating F (c, u, 0) in (84) partially with respect to u yields 


OF _ T 
ðu = (9 +1)(39 + 1)(29 + 1)? 


4/2 
-= H4 — c?) (c? (69? + 49 + 1) + 6(29 + 1)°?c 


+8(30? + 49 + 2))]. 


1 
kea — c?) (3609? + 169 + 4) 


It is clear from (85) that OF / ðu > 0; thus, F (c, u, V) is an increasing function of u for0 < u < 1 
and for any fixed c with 0 < c < 2. So, the maximum of F (c, u, 9) occurs at u = 1 and 


m F(c,u, 9) = F(c,1,0) = G(c, 8). 
Note that 


Differentiating G(c,9) partially with respect to c yields 
T 4c? 99? 
G'(¢,39) = = —2V2(49 + 1) + — 


(9 +1)(9 + 1)(20 +| 3 V2 


—4(992 + 49 + 1) + 2V2(1 + 49 + 692)) 


16c 
+ (3080 +49 + 1) — V2(1202 + 89 + 2))| 


If G'(c,9) = 0 then its root is c = 0. Also, we have 


ac? (i —2V2(49 + 1) + di 


T 
(9 + 1)(30 + 1)(20 + 1)? 


=a (98? +49 + 1+ 22V2(1+ 49 + 692)) 


G"(c,9) = 


+= (360 +49 + 1) — V2(1202 + 89 + 2))| 


is negative for c = 0, which means that the function G (c, 0) can take the maximum value at c = 
0, also which is 


— a2| < G(0,9) = ——. 
aza, — a3| < G(0,9) 1829 + 1)2 
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